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shape castings is microporosity, formed due to the combined effects of volumetric shrinkage upon solidification. Developing a model to predict the formation of microporosity in solidifying metal castings is one way of helping. Porosity in castings is a defect that results from the interaction of a number of processes: volume change, nucleation and growth of the solid phase, diffusion of dissolved species, and the interaction of interphase surfacial. Although some of these individual processes may be treated analytically, combining the processes into a predictive tool requires the numerical calculation power that has only become available over the last few decades due to the development of digital computers The use of multivariate experimental design techniques is becoming increasingly widespread in analytical chemistry. Multivariate experimental design techniques, which permit the simultaneous optimization of several control variables, are faster to implement and more cost-effective than traditional univariate (one at a time) approaches (Khajeh, 2009) . One of the most popular multivariate design techniques is two level full/fractional factorial, in which every factor is experimentally studied at only two levels. Due to their simplicity and relatively low cost, full factorial design techniques are very useful for preliminary studies or in the initial steps of an optimization, while fractional factorial designs are almost mandatory when the problem involves a large number of factors (Khajeh, 2009 ). On the other hand, since only two levels are used, the models that may be fit to these designs are somewhat restricted. If a more sophisticated model is needed, as for the location of an optimum set of experimental conditions, then one must resort to augment response surface designs, which employ more than two factor levels. Among these, Box-Behnken is a secondorder multivariate design technique based on three-level incomplete factorial designs that received widespread application for evaluation of critical experimental conditions, that is, maximum or minimum of response functions (Khajeh, 2009 ). Experimental design is a systematic, rigorous approach to engineering problem solving that applies principles and techniques at the data collection stage so as to ensure the generation of valid, precise, and accurate engineering conclusions (Xiao & Vien, 2004) . It is a very economic way of extracting the maximum amount of complex information and saving a significant experimental time and the material used for analyses and personal costs as well (Kincl et al., 2005) . Different experimental designs are used for different objectives. For example, randomized block designs can be used to compare data sets, full or fractional factorial design can be used for screening relevant factors (Xiao & Vien, 2004) . The design of mixture experiments configures a special case in response to surface methodologies using mathematical and statistical techniques, with important applications not only in new products design and development, but also in the improvement of the design of existing products. In short, the methodology consists firstly to select the appropriate mixtures from which the response surface might be calculated; having the response surface, a prediction of the property value can be obtained for any design, from the changes in the proportions of its components (Aslan, 2007) . The other important issue is for engineering experimenters who wish to find the concentration conditions under which a certain process attains the optimal results. That is, they want to determine the levels of the operational factors at which the response reaches its optimum. The optimum could be either a maximum or a minimum of a function of the design parameters (Aslan, 2007) . Factorial design is a useful tool in order to characterize multivariable processes. It gives the possibility to analyze the important influent factors of the process, and to identify any possible interactions among them.
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Mathematical solidification heat transfer model
The mathematical formulation of heat transfer to predict the temperature distribution during solidification is based on the general equation of heat conduction in the unsteady state, which is given in two-dimensional heat flux form for the analysis of the present study Santos et al., 2005; Shi & Guo, 2004; Dassau et al., 2006) . [m] and represents the term associated to the latent heat release due to the phase change. In this equation, it was assumed that the thermal conductivity, density, and specific heat vary with temperature. In the current system, no external heat source was applied and the only heat generation was due to the latent heat of solidification, L (J/kg) or ΔH (J/kg). is proportional to the changing rate of the solidified fraction, f s , as follow Santos et al, 2005; Shi & Guo, 2004) .
Therefore, Eq. (2) is actually dependent on two factors: temperature and solid fraction. The solid fraction can be a function of a number of solidification variables. But in many systems, especially when undercooling is small, the solid fraction may be assumed as being dependent on temperature only. Different forms have been proposed to the relationship between the solid fraction and the temperature. One of the simple forms is a linear relationship (Shi & Guo, 2004; Pericleous et al., 2006 ):
where and are, respectively, the liquid and solid temperature (K). Another relation is the widely used Scheil relationship, which assumes uniform solute concentration in the liquid but no diffusion in the solid (Shi & Guo, 2004) 
where k o the equilibrium partition coefficient of the alloy. Eq. (1) defines the heat flux (Radovic & Lalovic, 2005) , which is released during liquid cooling, solidification and solid cooling in classical models. The heat evolved after solidification was assumed to be equal zero, i.e. for , = . However, experimental investigations have showed that lattice defects and vacancy are condensed in the already solidified part of the crystal and the enthalpy of the solid increases and thus the latent heat will decrease (Radovic & Lalovic, 2005) . Due to this fact, another way to represent the change of the solid fraction during solidification can be written as (Radovic & Lalovic, 2005) :
Considering c´, as pseudo specific heat, as = and combining Eqs.
(1) and (2), one obtains (Shi & Guo, 2004 ; Radovic & Lalovic, 2005 ):
The boundary condition applied on the outside of the mold is:
Here h is the heat transfer coefficient for air convection and T o is the external temperature.
The factorial design technique
The factorial design technique is a collection of statistical and mathematical methods that are useful for modeling and analyzing engineering problems. In this technique, the main objective is to optimize the response surface that is influenced by various process parameters. Response surface methodology also quantifies the relationship between the controllable input parameters and the obtained response surfaces (Kwak, 2005) . The design procedure of response surface methodology is as follows (Gunaraj & Murugan, 1999) : i. Designing of a series of experiments for adequate and reliable measurement of the response of interest. ii. Developing a mathematical model of the second-order response surface with the best fittings. iii. Finding the optimal set of experimental parameters that produce a maximum or minimum value of response. iv. Representing the direct and interactive effects of process parameters through two and three-dimensional plots. If all variables are assumed to be measurable, the response surface can be expressed as follows (Aslan, 2007; Yetilmezsoy et al., 2009; Pierlot et al., 2008; Dyshlovenko et al. 2006) :
where y is the answer of the system, and x i the variables of action called variables (or factors). The goal is to optimize the response variable y. It is assumed that the independent variables are continuous and controllable by experiments with negligible errors. It is required to find a suitable approximation for the true functional relationship between independent variables (or factors) and the response surface. Usually a second-order model is utilized in response surface methodology:
where x 1 , x 2 ,…,x k are the input factors which influence the response y; , 2,…,m; j=1,2,…,m) are unknown parameters and ε is a random error. The β coefficients, which should be determined in the second-order model, are obtained by the least square method.
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The model based on Eq. (9), if m=3 (three variables) this equation is of the following form:
where y is the predicted response, β o model constant; x 1 , x 2 and x 3 independent variables; β 1 , β 2 and β 3 are linear coefficients; β 12 , β 13 and β 23 are cross product coefficients and β 11 , β 22 and β 33 are the quadratic coefficients (Kwak, 2005) .
In general Eq. (9) can be written in matrix form (Aslan, 2007) .
where Y is defined to be a matrix of measured values, X to be a matrix of independent variables. The matrixes b and ε consist of coefficients and errors, respectively. The solution of Eq. (11) can be obtained by the matrix approach (Kwak, 2005; Gunaraj & Murugan, 1999) .
where X' is the transpose of the matrix X and (X'X) -1 is the inverse of the matrix X'X. The objective of this work was to study the solidification process of the alloy Cu-5 wt %Zn during 1.5 h of cooling. It was optimized through the factorial design in three levels, where the considered parameters were: temperature of the mold, the convection in the external mold and the generation of heat during the phase change. The temperature of the mold was initially fixed in 298, 343 and 423 K, as well as the loss of heat by convection on the external mold was fixed in 5, 70 and 150 W/m 2 .K. For the generation of heat, three models of the solid fraction were considered: the linear relationship, Scheil´s equation and the equation proposed by Radovic and Lalovic (Radovic & Lalovic, 2005) . As result, the transfer of heat, thermal gradient, flow of heat in the system and the cooling curves in different points of the system were simulated. Also, a mathematical model of optimization was proposed and finally an analysis by the factorial design of the considered parameters was made.
Methodology of the numerical simulation
The finite elements method was used in this study (Su, 2001; Shi & Guo, 2004; Janik & Dyja, 2004; Grozdanic, 2002) . Software program Ansys version 11 (Handbook Ansys, 2010) was used to simulate the solidification of alloy Cu-5 wt %Zn in green-sand mold. Effects due to fluid motion and contraction are not considered in the present work. The geometry of the cast metal and the greensand mold is illustrated in Figure 1 (a), which is represented in three-dimensions. However, in this work the analysis was accomplish in 2-D, which is illustrated in Figure 1 (b). Some material properties of Cu-5 wt %Zn alloy were taken from the reference Miettinen (Miettinen, 2001) , the other properties were taken from Thermo-calc software (Thermo-calc software, 2010), and in Figure 2 the enthalpy and the phase diagram of alloy Cu-Zn are presented (Thermo-calc software, 2010). Three pseudo specific heat (c´) obtained from the equations (3), (4) and (5) were used and these equations were denoted respectively by models A, B and C, and the sand thermo-physical properties was given by Midea and Shah (Midea and Shah, 2002) . In this study, the Box-Behnken factorial design in three levels (Aslan, 2007; Paterakis et al., 2002; Montgomery, 1999) was chosen to find out the relationship between the response Fig   Fig  5w fun The initial and boundary conditions were applied to geometry of Figure 1 according to Table 1 . The boundary condition was the convection phenomenon and this phenomenon was applied to the outside walls of the sand mold, as shown in Table 1 . The convection transfer coefficient at the mold wall was considered constant in this work, due to lack of experimental data. The effects of the refractory paint and of the gassaging process were not taken into consideration either. The final step consisted in solving the problem of heat transfer of the mold/cast metal system using equation (6), in applied boundary condition and in controlling the convergence condition. Heat transfer is analyzed in 2-D form, as well as the heat flux, the thermal gradient, and in addition, the thermal history for some points in the cast metal and in the mold is discussed.
Result and discussion
The result for solidification was discussed for some particular cases, at condition given in lines 7, 8 and 9 from Table 1 , which correspond respectively to the lowest temperatures for each mathematical model of latent heat release. Each one of the lines corresponds to the temperature of the mold for the lower state (-) and for convection phenomenon for the higher state (+).
(a) (b) Fig. 3 . Temperature distribution in (a) sand mold system, (b) cast metal (line 9 of Table 1) The condition mentioned on line 9 of Table 1 was chosen to present heat transfer results, where the temperature field is shown in Figure 3 (a) in all the system mold and in the cast metal (Figure 3(b) ). This last case can be visualized in more detail in part (b), where an almost uniform temperature is observed. In the geometric structure of the mold there is a core constituted of sand that is represented by a white circle in Figure 3 (b), which can be verified also in Figure 1 (a). In Figure 4 the results of the thermal gradient and the thermal flux are shown, where the thermal gradient goes from the cold zone to the hot zone. On the other hand, the thermal flux goes from the hot zone to the cold zone. Also the convergence of the solution was studied; this point is discussed in more detail by Houzeaux and Codina (Houzeaux & Codina, 2004) .
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Fig. 5. Reference points for the mold/metal system
The cooling curves were studied for condition of line 7, 8 and 9 from Table 1 as shown in Figure 6 . Figure 6 (a) shows a comparison of temperature evolution at point (2) for the three formulations of latent heat release: linear (model A), Scheil (model (B) and Radovic and Lalovic (model C) . It can be observed that the highest temperature profile corresponds to model A, followed by model C and last by model B, mainly after the solidification range.
Although not presented, a similar behavior has occurred at other positions in the casting. Chen and Tsai (Chen and Tsai, 1990) analyzed theoretically four different modes of latent heat release for two of alloys solidified in sand molds: Al-4,5wt%Cu (wide mushy region, 136K ) and a 1wt% Cr steel alloy (narrow mushy region, 33.3K). In their work, they conclude that no significant differences can be observed in the casting temperature for different modes of latent heat release, when the alloy mushy zone is narrow. The alloy used in the present work, Cu-5wt%Zn, as shown in Figure 2 (b), has a narrow mushy zone (less than 10K). Figure 6 (a) shows that there is a significant temperature profile difference due to the three different latent heat release modes. In addition, it is important to remark that the latent heat release form has strongly influenced the local solidification time. of standardized e rial design was b 9). In this figure bserved by those to the concentrate 8 that the bigges ) with linear be t heat release for on the factorial esented in Figure  ng While a quantitative analysis of equation (14) was made, will soon be made a qualitative analysis of equation (13) by means of graphic representation of this equation and this discussion will be confronted with factorial design of the solidification process parameters (Table 1 ) and Figure 8 . Figure 9 presents the response surface plots (Aslan, 2007; Paterakis et al., 2002) , obtained from equation (13), that describe the influence of the factors on the overall desirability, Figure 9 (a) shows the 3D response surface relationship between convection phenomenon (x 2 ) and latent heat release form (x 3 ) at zero level of mold temperature (x 1 ). Note that, for a given value of x 2 , as the x 3 increases and the Z decreases until a minimum value for the interval of x 3 between -0.8 and 0.2. After this minimum point, Z changes its behavior and start to increase as the x 3 increases reaching the highest value of 897.176, as can be seen in Table 1 . For a given value of x 3 , it can be observed that Z profile is almost constant in relation to x 2 increase. Another way to visualize Z variation is to project Z on the x 2 and x 3 plane, in terms of color band. The region limited by the white points on this curve represents the Z confidence interval. For other levels of x 1 , the surface graph behavior has the same characteristic as previously mentioned. Figure 9 (b) shows the effect of mold temperature (x 1 ) and latent heat release form (x 3 ) at zero level of convection phenomenon (x 2 ). In this case, x 1 e x 3 generated a complex surface of paraboloid type. According to the surface projection Z on the x 1 and x 3 plane, for a given x 3 value, it can be observed that the variation of Z is linear in relation to x 1 and this fact can be confirmed by the point x 1 (L) mentioned at the graph of Figure 8 . On the other hand, the same cannot be affirmed in relation to x 3 , if the same analysis is done. For a given value of x 1 , the variation of Z is parabolic in relation to x 3 and this fact can be observed by the points x 3 (L) and x 3 (Q) mentioned at the graph of Figure 8 . Note that, for a given value of x 1 , as the x 3 increases and the Z increases reaching the highest value of 953.026, as can be seen in Table 1 . Figure 9 (c) shows the effect of mold temperature (x 1 ) and convection phenomenon (x 2 ) at zero level of latent heat release (x 3 ). Note that, as the x 1 factor increases, the Z increases. But, for a given value of x 1 , it is observed that for every x 2 value, Z is almost constant. As a result, the surface geometry is not a complex one, if we compare to the surface geometry of Figure  9 (b). In this type of analysis, one can realize that the parameters x 1 and x 3 had variations more accentuated than the parameter x 2 . This behavior is also verified in Figures 7 and 8 . Note that, for a given value of x 1 , as the x 2 increases and the Z increases reaching the highest value of 868.171, as can be seen in Table 1 . Three level Box-Behnken design referred to Table 1 showed as results Pareto's diagram of Figure 7 and curve of standardized effect of the factorial design of Figure 8 . According to these results was estimated a mathematic model for Z (represents the result of the temperature after 1.5 h of solidification) based in equation (9) and through the process of maximizing and minimizing of this model was found the optimal values of x 1 , x 2 and x 3 . It was also shown the graphical interpretation of equation (13) so qualitatively and this interpretation this related to factorial design of the solidification process parameters (Table  1) . Consequently it was shown that three level Box-Behnken is a very powerful tool to optimize and predict results in quantitative and qualitative way. This tool can be used in research, optimization and prediction of industrial processes, saving manpower, material and time in order to improve cost and quality of the product. 
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This work has done the numerical simulation by finite element method to the copper alloy solidification in sand mold and also this simulation was accompanied with the process of optimization of solidification parameters. This type of study accompanied with the cellular automata or cellular automaton can help minimize the defects generated during solidification. One microstructural feature that can affect the final properties of copper alloy shape castings is microporosity, formed due to the combined effects of volumetric shrinkage upon solidification. Porosity in castings is a defect that results from the interaction of a number of processes: volume change, nucleation and growth of the solid phase, diffusion of dissolved species, and the interaction of interphase surfaces. Although some of these individual processes may be treated analytically, combining the processes into a predictive tool requires the numerical calculation power that has only become available over the last few decades due to the development of digital computers.
Conclusion
In this study, a three-level Box-Behnken factorial design in qualitative form and combining with a response surface methodology was employed for modeling and optimizing three operations parameters of the casting process. According to this study, it was observed when the parameters of the solidification process are in the following state, such as, mold temperature in the environment, convection phenomenon in its fullest expression and the latent heat release to the model Sheil shows a minimum temperature after 1.5 h of solidification. Also this result was verified by finite element method. The factorial design method is a useful tool to determine what factors are crucial in the solidification process and thus, a special care needs to be taken during the project elaboration of the casting. Also this optimization tool can be used in other research areas, optimizing and predicting industrial processes, saving manpower, material and time in order to improve cost and quality of the product.
